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- The Clairaut Equation and Its Connection to Satellite
Geodesy and Planetology

P. Lanzano* and J. C. Daley?
U.S. Naval Research Laboratory, Washington, D.C.

The Clairaut equation for rotating bodies in hydrostatic equilibrium was integrated numerically up to its third-
order approximation using the 1969 Haddon-Bullen Earth’s density model. The computations, based on finite-
difference methods, were executed in double precision on the Texas Instruments ASC-7 computer. The results
are: 1) the coefficients of the second, fourth, and sixth harmonic of the geopotential, and 2) the geoid to the
same approximation inclusive of its moments of inertia and ellipticity. It is suggested that the newly determined
geoid be used as the reference surface in gravimetric work. The results are compared with Kopal’s 1963 work
based on the 1940 Bullen density model and second-order approximation. Discrepancies with satellite geodesy
are attributed to shear stresses in the Earth’s interior because of convection currents. To better compare our
density-based results with satellite geodesy, we analytically obtained expressions for the secular variations of the
elements of a Keplerian orbit, and advocate that the formulas be used to evaluate the harmonics from satellite
data. The Clairaut equation also can be applied to Jupiter by assuming the planet to be a rotating polytrope and
solving a nonhomogeneous Lane-Emden equation to determine its density.

I. Introduction

HE purpose of this paper is to describe the numerical

integration of the Clairaut equation up to its third-order
approximation for a rotating, axially symmetric Earth when
its density distribution is assumed to be the 1969 HB, model
of Haddon and Bullen. We shall discuss briefly applications
of this equation to satellite geodesy and planetology. To
afford a complete comparison with results obtainable from
satellite data, we have ascertained in a rigorous manner the
secular variations of the orbital elements of a Keplerian
elliptic orbit due to the coefficients of the second, fourth, and
sixth harmonic in the geopotential.

Consider a deformable, massive body of arbitrary density,
rotating uniformly about an axis. Assume. hydrostatic
equilibrium; assume also that, because of the rotation, the
original spherical shape of the body will be deformed into a
spheroid "possessing axial symmetry and symmetry with
respect to the equatorial plane. Let 7 denote the radial distance
from the centroid 0 of the body and a denote the mean radius
of an equipotential spheroid. This family of surfaces can be
- represented by the equation -

l’(a,l!)

3
=1+ _E()fz,(u)PZf(V) +... 0
I=

where the P’s are the Legendre polynomials and » =cosf is the
cosine of the polar distance. Let w, represent the angular
.velocity of rotation, 1, the total mass of the body, «; the
mean radius of the ‘outermost spheroid, and G the
gravitational constant. We define then the dimensionless
rotational parameter

q=w§a';/3Gm, (2)
which is  essentially the ratio between the centrifugal and
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gravitational accelerations of the body. For the Earth, ¢
=0.00115. In terms of this parameter, the deformation
coefficients f; (a) can be expressed as

So=a"fo+a°fos (32)
f2=af21+a°f22+0° [ (3b)
fi=@fu+a'fs (3c)
Ss=qfes (3d)

In a recent paper,' we have established a third-order theory
which ascertains the differential equations satisfied by the
functions fj («). We summarize here the essential results
which are required for numerical integration purposes, with
the reminder that full details are available in the aforemen-
tioned reference. f,, and fy; are eliminated through mass
conservation considerations; it turns out that

So=~1/5°f3,=215¢°fo (22 +1721f3)) . (&)
The other six deformation coefficients, i.e., f5;, f22, f23» fa2s

fa3, and fg; are solutions of the Clairaut equations in its
various approximations

a?f” +6aDf" + (6D—C)f=R (&)

satisfying also boundary conditions

SO)y=f"(0y=0 (6a)
Af(a;) +Bf' (a))=S8(q;) (6b)
at both ends of the integration interval. The primes denote
derivatives with respect to the mean radius a, and 4, B, and
C are constants depending on the approximation. The func-
tion
D(a)=p(a)/p(a) 0
is the ratio between the density p (o) and the mean density

a

== | patda ®
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R (a) and S(a) are known functions of « depending on lower-
order approximations; in particular R,, =0. By introducing
the logarithmic derivative

n=of " /f )
and noting that
W*f" If=an" =n(1=n)

one can transform the Clairaut equation into the Radau
equation

an’ +6Dn—n(l—n)=T (109)

Equations (5) and (10) are completely equivalent, their
numerical integration can be achieved only if the density
distribution p (a) is known. The Earth’s density distribution is
obtainable from seismological evidence. In what follows, we
provide a few details about the Haddon-Bullen density model
and the earlier Bullen model.

II. HB, Earth Density Mode!

Let p, &, u, a, and B8 denote the density, incompressibility,
rigidity, and the P and S seismic velocities at depth z below the
surface of an Earth model, or at a distance r from the center.
It is known then? that

sk 4 ok D, 8
o p+3ﬁ,6 PR Tl ()

\ N
where g is the acceleration of gravity and % is a coefficient
depending on the homogeneity of the material. An Earth
model is supposed to be known when either set (p,a,8) or
(o, %, p) is specified for every z.- A spherical symmetric model
can represent only an average Earth structure. As early as
1940 Bullen obtained an Earth model from seismic bodily
wave data alone by connecting the travel time ¢ with the
angular distance A and using Eqs. (11). James and Kopal?
used this early Bullen density model to ascertain the geometric
figure of the Earth.

The 1969 HB, model® is the latest developed model and
takes into account the following facts: 1) free Earth
oscillation data consisting of 110 observations of periods of
fundamental spheroidal and torsional oscillations
corresponding to order numbers » with 0<n<48and 2<n<
44, respectively, and of the first and second spheroidal
overtones for n=<20 (these data include the results of the
Chilean and Alaskan earthquakes of May 1960 and March
1964); 2) the revised value of the Earth’s polar moment of
interia /, according to the relation

1,=0.3309m a3 (12)

where m; =5.976-10%7 g is the Earth’s total mass and a,
=6371 km is the Earth’s mean radius (i.e., the radius of a
sphere of equal volume); 3) the newly established evidence
that the central density p. is <13 g/cm?. The HB, model was
obtained as a parametric modification of the earlier version
by varying the parameters singly or in groups, within
plausible limits and testing the resulting. model against the
oscillation observations and the other physical evidence.
Although not expected to be the final Earth model, it is,
however, acknowledged that certain of its features seem to be
fairly well established. The main features of HB, with respect
to the earlier model are: 1) reduced crustal thickness from 33
to 15 km; 2) more complex layering of the upper mantle; 3)
increased core radius by 20 km to 3493 km; and 4) no im-
portant changes in the « profile from the Jeffreys data.

Table 1 furnishes the values of p in g/cm?, « and $ in
km/sec for appropriate values of the depth z in km, as well as
the density related function D. The model has nine layers,
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Table 1 Values of density p, D=p/p, P velocity «, and § velocity 8

in Earth model HB;
Depth P o 8
__(km)  (gfend) (km/sec)  (km/sec)

0 2.840 0.5147 6.300 - 3.550

15 2.840 0.5129 6.300 3.550
15 3.313 0.5983 7.696 4,625
60  3.332 0.5966 7.831 4.625
60  3.332 0.5966 7.831 4.500
100 3.348 0.5949 7.951 4,500
200 3,387 0.5901 8.256 4.500
300  3.424 0.5846 8.585 4.500
350 3,441 0.5815 8.750 4,500
350 3.700 0.6252 8.750 4,500
400  3.775 0.6320 8,924 4.717
413 3,795 0.6337 8.970 4,774
500  3.925 0.6452 9.650 5.150
600  4.075 0.6579  10.243 5.583
650 4,150 ©.6642  10.481 5.800
650  4.200 0.6722  10.481 5.900
800  4.380 0.6832  11.009 6.149
984 4,529 0.6844  11.420 6.351
1000 4.538 0.6839  11.440 6.362
1200 4.655 0.6764  11.706 6.500
1400 4.768 0.6664 11,992 6.622
1600  4.877 0.6537 12,262 6.730
1800  4.983 0.6382 ° 12.530 6.829
2000  5.087 0.6199  12.794 6.924
2200  5.188 0.5985  13.034 7.018
2400  5.288 0.5739  13.270 7.117
2600  5.387 0.5461  13.495 7.214
2800  5.487 0.5152  13.638 7.312
2878  5.527 0.5023  13.642 7.310
2878 9.927 0.9022 8.106 0.000
3000 10.121 0.9107 8.247 0.000
3200  10.421 0.9236 8.496 0.000
3400  10.697 0.9351 8.791 0.000
3600 10.948  -0.9452 9.059 0.000
3800 11.176 0.9541 9.307 0.000
4000  11.383 0.9619 9.531 0.000
4200  11.570 0.9688 9.731 0.000
4400 11.737 0.9748 9,907 0.000
4600  11.887 0.9802  10.096 0.000
4800 12,017 0.9847  10.284 0.000
4982 12.121 0.9884  10.468 0.000
5000 12,130 0.9887 10,332 0.000
5121 12,197 0.9914 9.428 0.000
5121 12.197 0.9914  11.188 0.000
5200 12.229 0.9925 11,205 . 0,000
5400 12.301 0.9948  11.243 0.000
5600 12,360 0.9968 11,275 ©0.000
5800  12.405 0.9982  11.300 0.000
6000 12,437 0.9993 11,320 0.000
6200  12.455 0.9998  11.332 0.000

separated by boundaries at the depths 15, 60, 350, 650, 984,
2878, 4982, and 5121 km, which are referred to as crustal
layer A, mantle layers B’, B”, C’, C”, and D, and the core
layers E, F, and G. A short description of the model is as
follows: 1) the values of p, «, 8 remain constant throughout
the crust, 2) « has discontinuities at z=15, 2878, and 5121
km; da/dz has discontinuities at z =413 and 4982 km; 3) 8 has
the constant value 4.625 km/sec in the B’ layer, and the value
4.5 km/sec in the B” layer; (8 varies linearly in C’ and
quadratically in C”; both 8 and df/dz are continuous at z
=984 km; the Jeffreys values for 3 have been preserved in the
D layer; and, finally, 3=0 in the core; 4) the density p takes
the constant value 2.84 g/cm? throughout the entire crust; its
value jumps by 0.47 g/cm? at z=15 km; p remains con-
tinuous and varies nearly linearly according to Eq. (11) with »
=0.45in the B’ + B” layers; the density jumps by 0.26 g/cm*
at the B” C’boundary; o varies linearly in C’; density jumps
by 0.05 g¢/cm? at the C’ C” boundary; p varies quadratically
in C”, pand dp/dz are continuous at z=984 km; dp/dz is
determined from Eq. (11) with =1 throughout the D layer
and the whole core; at z=2878 km the value of p jumps by 4.4
g/cm?; finally, p, =12.46 g/cm?*.

III. Numerical Integration of the Clairaut
Equation with Discontinuous Coefficients

The numerical integration of the six Clairaut equations has
been performed by means of finite-difference methods. Since
the density model exhibits four discontinuities, so also the
function D () has discontinuities at those same points.

The computation of D presents no problem. By piecewise
integration, the mean density at any point « over a range
which includes a discontinuity at cis calculated according to

pr=75 ([0 putdat | pua) (13)

a 4
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At the point of discontinuity ¢, one has

3 c
p(c) = -3 SO pazdu (14)

so that the value of D at ¢, approaching from the left (L) and
from the right (R), can be written as

D, (c)=p,(c)/b(c)
Dy (c)=pr(c)/p(c)

This procedure can be extended easily to the case where more
than one discontinuity is present, as is the case in the HB,
model. The integrals in Eqgs. (13) and (14) were calculated by
the Romberg method using a subroutine adapted from Mc-
Calla.’ Intermediate values of p(a) were obtained using a
second-degree Lagrange interpolation between the data
points, and the integration was carried out to a tolerance of §-
10 -7. The function D(a) then is obtained and saved at all
points which will be required later; its accuracy is independent
of the choice of interval in the finite-difference scheme.

Using - central difference formulas for first and second
derivatives within an interval of length H, the finite-difference
form of the Clairaut equation at a pivotal point o }*is

(-0} o [-2+(2) (-9
" (1+%D,)f,-+,= ( i’ YR, (15)

having neglected the third and higher order central difference
terms.® We select the pivotal points o}, i=1,..., N at equal
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intervals to include the boundary points « =0 and a=g,. This
choice requires the value of f at two points external to the
interval in consideration. These ‘‘external’’ points, however,
can be eliminated by using both boundary conditions. Thus,
the condition f'(0)=0 at a=aF=0, in terms of finite dif-
ferences, can be written as f, =f,. Substituting it into the first
equation with D, = 1, we obtain

(4—C)f,+2f,=R,;

for the first equation (pivotal point at «=0). By a similar
procedure, the external point at the surface side is eliminated.
For i=2,..., N—1 and equal intervals, a}= (i— 1)H, and the
system of Eqs. (15) can be written as :

AGDi Y AGDS+AG3) iy =AG4) 16)
where
A1) =1-3D;/ (i~ 1) (17a)
A(i,2)=~2+(6D;~C)/(i—1)? (17b)
A(i,3)=1+3D;/(i—1) (17¢)
A(i,d)=R,;/(i—1)? (17d)

Prior to solving the linear system of Eq. (16), we must take
into account the fact that the coefficients of the original
differential equation have discontinuities. Two cases can
occur: 1) the discontinuity coincides with a pivotal point, or 2)
the discontinuity appears at an arbitrary location relative to
the equally spaced pivotal points. We have followed a
technique detailed in Fox® to insure a unique solution by
imposing extra conditions. Thus, by assuming continuity for

Table2 Deformation coefficients for the equipotential surfaces
and their logarithmic derivatives

alm)  -10%ef Ty -1, n, +10°. %, T, -10° o £ T
0 54147 0.0000 16455 0.0600 .20887  0.0000 .25878  0.0000
171 .54155 0.0003 (16457 0.0001 20891  0.0004 25889  0.0008
n 54182 0.0013 (16461 0.0006 20907  0.0019 .25927  0.0037
571 54229 0.0030 .16468  0.0015 20934 0.0045 25996 0.0090
771 54297 0.0055 .16478  0.0028 .20973  0.0082 26090  0.0163
971 54385  0.0088 16492 0,0044 21023 0.0131 .26215  0.0260
1171 54495 0.0129 16508  0.0065 21086  0.0191 .26370  0.0378
1250 54544 0.0147 16516 0.0074 .21134  0.0218 26450 0.0431
1371 54626 0.0181 16528  0.0091 21161 0.0268 26557 0.0533
1389 54639 0.0157 .16530  0.0094 21163 0.0277 26576  0.0551
1571 54786  0.0251 16552 0.0126 21353 0.0370 .26786  0.0731
1771 L54977  0.0332 16581 0.0166 .21361  0.0483 27055 0.0949
1971 155198 0.0423 16614 0.0212 .21486  0.0612 27366 0.1195
2171 55451 0.0527 16652 0.0264 .21628  0.0758 27720 0.14Th
2371 55737 0.0645 16695  0.0322 21788 0.0921 28120 0.1786
2571 .56058  0.0778 .16743  0.0389 21968 0.1106 28569 0.2136
2771 56416 0.0928 .16797  0.0464 22167 0.1313 29071 0.2528
2971 (56815 0.1097 L16856  0.0549 .22388  0.1546 .29631  0.2966
3171 .57257  0.1289 116921 0.0845 2263 0.1808 30256 0.3458
1371 57747 0.1506 16994 0.0753 .22905  0.2103 30954 0.4009
3493 .58072  0.1653 .17041 0.0827 23085 - 0.2303 31418 0.4383
3493 158072 0.1653 17041 - 0.0827 .23085  0.2303 31418 0.4383
3571 58356  0.2797 117083 0.1398 .23250  0.4176 31882  0.8957
37171 59679 0.5329 17276 0.2665 24052 0.8039 36317 1.7232
3971 616564 0.7187 17559 0,359 .25242  1.0470 39740 2.1073
4171 64087 0.8501 117902 . 0.4251 L26674  1.1849 42237 2.2291
4371 66833 0.93% 118283 0.4697 L28246  1,2514 46887  2.2138
4571 69804 0.9972 18684  0.4986 29891  1.2725 51695  2.1414
4771 72909 1.0321 .19095 0.5161 31563 1.2664 56546 2.0457
4971 76097 1.0507 (19508  0.5254 .33235 1.2454 61380  1.9488
5171 79332 1.0584 19918 0.5293 34890 1.2177 © 66167  1.8607
5371 82586 1.0591 20323 © 0.529 .36519 1.1883 .70505 1.7859
5387 82846 1.0590 .20355 0.5296 36648 1.1860 .71282  1.7805
5571 .85843 1.0569 20720  0.5285 38122 1.1625 .75605 1.7302
5721 .88288 1.0586 21013 0.5294 039312 1.1530 79141 1.7155
5721 .88288 1.0586 21013 0.5204 .39312  1.1530 79141 1.7155
5771 .89106 1.0618 21110 0.5309 139708 1.1548 .80334  1.7226
5871 .90753 1.0707 21304 0.5354 40507 1.1633 .82763  1.7473
5958 .92201 1.0811 21473 0.5406 L6120 1.1753 .84936  1.7782
5571 192418 1.0828 121498 005415 141315 1.1774 185266 1.7834
6021 93259 1.0902 21596 0.5452 41726 1.1867 86551  1.8059
6021 .93259 1.0902 .21596 0.5452 L61726 1.1867 .86551  1.8059
6071 .94109 1.1037 .21695 0.5519 .42139 1.2064 87871 1.8530
6171 95841 1.1285 21893 0.5643 42991 1.2413 50633 1.9322
6271 97613 1.1501 .22095 0.5751 43867 1.2695 93539 1.9916
6311 .98332 1.1579 .22176 0.5790 LGA2% 1.2792 94737 2.0108
6356 99147 1.1666 22268 0.5834% 44830 1.2895 96106 2.0301
6356 .99147 1.1666 .22268  0.583 44630 1.2895 .96106 2.0301
6371 .9942) _ 1.1726 22298 ___ 0,5864 L4766 1.2980 96569 2.0486
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both f and f”, it is possible to generate a new difference
equation to replace the one originally valid at the point of
discontinuity in the first instance; similarly it is also possible
to generate two new difference equations to replace the two
original equations of the system in the immediate neigh-
borhood of the discontinuity.

In the solution of the Clairaut equations, we have adopted
the following procedure. Select an interval H such that the
discontinuity nearest the surface coincides with a pivotal
point. This avoids involving the surface boundary condition
with the calculations for the discontinuous coefficients. For
both the HB, and the earlier Bullen model this constraint
forces the other discontinuities not to coincide with any other
pivotal point. Following the aforementioned remarks, we
modified the original system (16) and solved it for the interval
H and H/2" by utilizing a subroutine of McCormick and
Salvadori’ valid for matrices in tridiagonal form. In order to
offset the fact that we originally negiected third-order central
differences in our approximation procedure, we have
followed an iteration method aimed at refining the results.
Thus, if f, represents a first approximation to our differential
equation, then in order that f, +z, represent a better ap-

 proximation to the same differential equation, z, must satisfy
a linear differential equation whose coefficients depend on f;,
provided that second and higher powers of z, are neglected.
Solving this so-called ‘‘equation of variation’’ by the same
procedure, we obtain g, to be added to f,. The procedure can
be repeated until the residual becomes insignificant and the
solution converges.

Each of the six Clairaut equations to be solved was iterated
at least twice to convergence before proceeding to solving the
next one. The logarithmic derivative » was calculated by
numerical differentation of f. Observation of the results
shows that the functions f and y for all six equations con-
verge to at least four decimal places, with residual terms of
the order of 10 !9, As another test of convergence, the in-
terval H was halved and the process repeated for the same
number of iterations until the changes in the final result was
insignificant.

The results tabulated at the original data points are linear
interpolations between the pivotal points: for HB, we have
taken N=851 and performed five iterations, for the 1940
Bullen model we have N=387 and three iterations. Com-

parison of the tabulated values of the functions f shows that

the HB, results converge to at least the five digits shown in
Table 2. The values of the K(a,), f(a;), and of the ellipticity
are straightforward calculations from the solutions at the
surface. The moments of inertia C=1,, A=/, and the ratio
(C—A)/C are obtained from integration via trapezoidal rule
of the functions using the pivotal point values.

The just-described computations were programmed in
Fortran and executed at the Naval Research Laboratory on
the Texas Instruments ASC-7 computer in double precision
floating point arithmetic to a precision of 16 decimal digits.
Observation of the finite differences involved indicates a
minimum of 10 digits are needed to retain significance in the
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range nearest to the Earth’s core where D~ 1. This region is
also where the largest discrepancy occurs between our
calculations and the 1963 results of James and Kopal for the
1940 Bullen model.

IV. Geodetic Results

We have integrated numerically the Clairaut equations for
both the 1940 Bullen Earth model and the 1969 HB, model
using 387 ‘and 851 pivotal points, respectively. Table 2
provides the values for the deformation coefficients f, (a),
Sala), f4(a), fs(a) and their logarithmic derivatives 5(a) at
the data points of the HB, model from the center of the
Earth, o =0, to its surface « =6371 km. Thus, the shape of the
equipotential surfaces throughout the interior of the Earth
has been ascertained.

Once the f's are known to their third-order approximation,
one can evaluate the moments of inertia (polar C=1,, and
equatorial A =1,), as well as the coefficients K, K, K; which
appear in the exterior potential

Gm;

V(r)V;“l)= r

3
[1+ E KZJ(“I)(‘? )ZJPZj(V)] (18)
j=1 .
to the same order of approximation by using the relations
given in Lanzano.! The ellipticity can be calculated from Eq.
(1)as ’

(e 0) = rlay 1)
r{a;,0)

Table 3 gives the surface values of the HB, and the 1940
Bullen model and compares them to Kopal’s 1963 results
where the Bullen model was used but only the second-order
Clairaut approximation was available.

By replacing the values f;(a,), f7(a/), fi(a;), and f5(a;)
for the HB, model into Eq. (1), we get the equation of the
geoid according to the most advanced density model yet
available. Satellite altimetry requires that we know the geoid
to less than one meter. In our opinion, this could be achieved
if we adopted this newly developed sixth-order geoid as the
reference spheroid instead of the old international ellipsoid in
all gravimetric work in conjunction with Stokes’ formula (see,
e.g., Heiskanen and Moritz?).

Let us compare the coefficients of the harmonics in the
exterior potential with the 1969 Kozai® values adopted in
satellite geodesy. The K, values for both density models
encompass the satellite value 0.10826- 10 =2, our K, values are
almost twice as large as the satellite value 0.15930-10 -3,
whereas the K values are one order of magnitude smaller
than the satellite value 5.0200-10 ~7. The two values for ¢ =/
also encompass the 298.2 value accepted from satellite theory.
The same can be said about the ratio (C—A)/C for the two
models with respect to the value 0.3272-10 =2 obtainable from
the precessional constant. The two moments of interia for the
HB, model yield the following ratios: C/ma? =0.331762 and
A/m;a? =0.330686 as compared with the accepted values

Table3 Comparison of Earth density models,

Parameter . HB, Bullen (1940) James and
(N=851) (N=387) Kopal (1963)
Solar) —0.99421-10~° -0.10098-10 % -0.10-10-°
Folay) —0.22298-10 2 -0.22473.10 ~2 —0.22504-10 2
fala) +0.44766-10 3 +0.45202-10~3 +0.45-10°
Ss(ap) ~0.96569-10 -8 ~0.97129-10 -8
Ky (o) —0.10756-10 2 -0.10929-10 -2 ~0.10961-10 ~2
Ky (o)) +0.29776-10 3 +0.30495-10 % +0.315-10-%
Kg(ap) -0.11293-107 -0.11598-10"7
e~ 299.6 297.2 296.8
A=I, 0.80212428-10% 0.80893171-103° 0.81078966- 10%°
c=1 0.80473398-10% 0.81158858-10% 0.81346066- 10%°

0.3243-102

0.3274-10 2

0.3282-10 2
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Fig. 1 Elements of a
Keplerian elliptic orbit.

0.33089 and 0.32981, respectively, obtainable from satellite
theory. These discrepancies can be attributed to the deviation
of the Earth’s interior from hydrostatic equilibrium and the
existence of shearing stresses due to convection currents in the
Earth’s mantle.

A few remarks are appropriate. 1) Note the variation in the
surface values between the 1940 Bullen and the 1969 HB,
Earth model; it is expected that new seismological data will in
the near future contribute to a more accurate model. 2)
Comparison of data obtainable from two different sources
(i.e., satellite and density) can be used to test the validity of
certain assumptions concerning the layers of the Earth’s
interior. 3) Use of more precise formulas and more accurate
statistical methods in handling large numbers of satellite data
might bring some changes to the results of satellite geodesy.

V. Secular Variations of Orbital Elements

Various procedures have been advocated in the past for
extracting information of geophysical interest by examining
satellite data (see, e.g., Kaula'®). In our opinion, the most
accurate way for obtaining the K,,K,,K, values from satellite
data is to use the secular variations of the orbital elements.
For this purpose, we proceed in this section to obtain
analytically such expressions by using the Lagrangian per-
turbation equations of celestial mechanics. '

Consider an orthogonal reference system (0;X,,X,,X;)
with origin 0 at the centroid of the body, the X,, X, axes lying
in the equatorial plane, the X, axis pointing toward the first
point of Aries, and the X; axis being rotational axis. Figure 1
represents the unperturbed Keplerian elliptic orbit in a general
position with respect to said reference. The elements per-
taining to this elliptic orbit are denoted as follows:

Q =longitude of the node

i =inclination of orbital plane to equatorial plane
® =argument of periastron

f = true anomaly

A =semimajor axis

e< ] =eccentricity

L =A (] —e?) =semilatus rectum

U = Gm,; =gravitational parameter

M =nt+x=mean anomaly, where 7 is the time and » the
mean angular motion

The Lagrangian perturbation equations express the time
derivatives of the orbital elements in terms of the 1) orbital
elements themselves, and 2) partial derivatives of the exterior
potential with respect to these elements.

To obtain the secular variations experienced by the orbital
elements, one must: 1) express the potential V in terms of the
time through the mean anomaly M, 2) take the derivatives of
this expansion with respect to the prescribed elements, and 3)
isolate the nonperiodic terms. This must be done for each of
the harmonics in consideration.

Any even-order harmonic can be written as

AN\ 2+1
Vzl(r,V,‘a,)=A1<;> P2j(V) (19)

where

2 +1
Aj=_*iK2j(w,)<i}) 0)
ay
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and the P’s are the Legendre polynomials. From Fig. 1, we
have

v=cosf=sin (i) sin(w+f) @2n

which allows the transition from 6 to f. Using the addition
theorem of the Legendre polynomials, see e.g., MacRobert, '?
we can write

J
Py (v)= Y, BuP3 (cosi) cosQkf+2ko—kr) (22)
k=0

where
(2j—2k)!

T

P3(0) 23)

withu; =1, u,, =2 for k#0and the
Pl(x) = (1—=x?)""?P™ (x) (24)

are the Legendre functions of the first kind defined in terms
of the derivatives of the Legendre polynomials.

In Eq. (22) account has been taken of the fact that P™
(0)=0 when n—m is an odd number. The next transition
from true anomaly fto mean anomaly M and thence to time is
performed by means of certain infinite expansions (see
Plummer !? and Groves!4) which can be written as follows:

L AN
(1+62) ZJ(;) cos(2kf+5)

= Y X xEUEDE(B)I, (le)cos(M+8) (25
{

=~ h=—0o

~ Here f=tan(a/2), with sina=e, is a varfable depending on

the eccentricity, and the J’s are Bessel functions. The X’s are
the Hansen coefficients and can be represented as
hypergeometric polynomials. The validity of Eq. (25) depends
on the exponent of 4 /r and the coefficient of fbeing integers.
To obtain a secular, i.e., nonperiodic, term one must take ¢
=0 in Eq. (25). Since J,(0) is one, if =0, and zero, if A0,
we can limit ourselves to choosing A=0. Thus, the only
contribution of the series (25) toward a secular term is ob-
tained by taking {=/=0. ‘
Let us remark at this point that: 1) dV/3x consists of terms
like £ sin((M+6) and will not produce any secular con-
tribution, and 2) we can replace f= 2 =0 in the foregoing series

- before performing the prerequisite partial derivatives.

Using results due to Lanzano, !5 it is possible to express the
relevant Hansen coefficients as Legendre functions of the first
kind according to '

(=DhH*@j-n!

(1+62)2jX_(€3')'2k(3)=—m72jpfjk—1(7)
(26)
where
1+3?
Y=oy = (I=e?) @)

Thus, to obtain the secular terms, we must take the partial
derivatives of the following expression

j=1
A; Y, Cy P (cosi)y? P, (y) cos(kn — 2ke) (28)
k=0

where

Dk (2j—
c.={ 1y @j-1)!

= B. ’
KT (2j—1+2ky! Tk @9
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Table 4 Secular variations of orbital elements
e, 2, and w (C=cos?i)

e1=(=5) " (2) ki @net=eny -0,

A7
n E,
4 13 (7C—I)sin2
32 SINcLw
P 5(2+e?)(33C? ~18C+1)sin2
lo2¢ P2 te sinew

+3e?(1-C) (11C - I)sindw]

[Q,,}:(%) (%) K, (aj)cosi F,

F,
3/2

—15 3 —3) —e? _
I7; [(1+2€ Y(7C—-3) —e* (7C 4)C0$2w]

»

105

4 2 ] 4)( 2 _ )
7024 [<8+ Oe“ + 15¢ 33C“-30C+5

~5e?(24e?) (99C% —102C + 19)cos2w

3
—Ee‘(I—C)(33C——13)cos4w]

@l + @,1c0si=(25) " (2) K, )6,

G,
2 Y% (1-3C)

4 1 [(4+3 2)(35C? —30C+3)
el e _
128

+2(2+5e2)(I-C) (7C-—1)c052w]

—105
2048

[(8+20€2 +5e%)(231C° —315C? +105C—35)
+5(4+22e2+7e) (1 —C) (33C? —18C+1)cos2w

3
+Eve2 (4+7e%) (I—C)Z(IIC—I)cos4w]

with respect to the orbital elements. This expression depends
on w, {, and e through the v, but does not depend on Q.

In what follows, a bracket around the time derivative of an
element shall denote its secular variation. By examining the
Lagrangian equations and making use of the preceding
remarks, we can say at once that

[AZj] =0 (30a)
[e;1=0 (30b)
[diy;/df}= — {e/ (1 —e?) }(coti) [¢,] (30¢)

The nonvanishing terms are presented in Table 4, where for
typographical simplicity we have set C=cos?i. Because of
their explicit dependence on the orbital elements, these ex-
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pressions can be utilized to attain a better determination of
the geopotential from the observed secular variations of
satellite motion.

VI. Application to Planetology

To conclude, we mention the fact that the Clairaut equation
is applicable to the study of the equilibrium configuration of
the giant planets Jupiter and Saturn because hydrostatic
equilibrium is a more acceptable hypothesis for their interiors.
Furthermore, the rotational parameter ¢ is 0.028 for Jupiter
and 0.047 for Saturn, that is to say, one order of magnitude
higher than the Earth’s. We might expect, therefore, that the
third-order theory when applied to these planets should yield
more accurate results than the second-order theory used by
James and Kopal® in conjunction with the DeMarcus density
data.

The main question still in debate for these planets is their
internal density distribution. The most plausible approach, in
our opinion, is to consider the planet as a polytrope of given
index n, so that the pressure p and density p are related ac-
cording to

pZKp1+1/n | (31)

K being a constant. This condition, when coupled with
hydrostatic equilibrium leads to a potential

V=V, +K(n+1)p''" 32)

where V), is a constant of integration. The use of the Poisson
equation finally leads to the fundamental equation

(1/a?) (a%0') ' =—ho" +k (33)

where 6" =p/p, and primes denote, as usual, derivatives with
respect to the radius a. The parameters # and k are two
constants, k& depending on the rotational velocity w,. Because
of the appearance of the last term on the right-hand side, Eq.
(33) is a nonhomogeneous Lane-Emden equation: its
homogeneous counterpart has been studigd extensively in the
astrophysical literature (see e.g., Cox and Giuli ).

Because of the differential rotation exhibited by Jupiter, a
parametric study of Eq. (33) should be undertaken for various
recorded values of w, according to latitude. Numerical in-
tegration of Eq. (33) for a given value of n, with 0 <n <5, will
provide p (a). The selection of a value for the polytropic index
n should be dictated by a compromise on the value of the
radius, total mass, central density, and pressure within the
planet. Once p(a) is ascertained with a certain degree of
confidence, the Clairaut equation can be used to study the
gravity field of the planet.
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